Abstract. In this paper, we develop a reliable algorithm which is called the variation of parameters method for solving sixth-order boundary value problems. The proposed technique is quite efficient and is practically well suited for use in these problems. The suggested iterative scheme finds the solution without any perturbation, discritization, linearization or restrictive assumptions. Moreover, the method is free from the identification of Lagrange multipliers. The fact that the proposed technique solves nonlinear problems without using the Adomian's polynomials can be considered as a clear advantage of this technique over the decomposition method. Several examples are given to verify the reliability and efficiency of the proposed method. Comparisons are made to reconfirm the efficiency and accuracy of the suggested technique.
Introduction
In this paper, we consider the general sixth-order boundary value problems of the type The sixth-order boundary value problems are known to arise in astrophysics; the narrow convecting layers bounded by stable layers which are believed to surround A-type stars may be modeled by sixth-order boundary value problems [1-11, 14-17, 23-25, 28-32] . Glatzmaier also notice that dynamo action in some stars may be modeled by such equations see, [10] . Moreover, when an infinite horizontal layer of fluid is heated from below and is subjected to the action of rotation, instability sets in (see [28] [29] [30] [31] [32] ), when this instability is of ordinary convection than the governing ordinary differential equation is of sixth-order, see [1-11, 14-17, 23-25, 28-32] and the references therein. Inspired and motivated by the ongoing research in this area, we implemented variation of parameters method to solve sixth-order boundary value problems. It is worth mentioning that the developed method is free from perturbation, discretization, restrictive assumptions and calculation of Adomian's polynomials. The results are very encouraging and reveal the complete reliability of the new algorithm. Several examples are given to verify the efficiency and accuracy of the proposed algorithm.
Variation of parameters method
Consider the general sixth-order boundary value problem
with boundary conditions
The variation of parameters method [12, 13, 18-22, 26, 27] provides the general solution of equation (1) as follows
First term in equation (3), i.e., (
ds is a particular solution. Particular solution is obtained by using variation of parameters method. In VPM we replace constants (A i s) in complementary solution by parameters and then we use this expression in equation (1) . After making some assumptions we obtain system of equations. We solve this system of equations to find the value of unknown parameters in form of integrals and hence we have the particular solution as mentioned in the 2nd term of equation (3). In particular solution an independent variable inside integral sign is replaced by some dummy variable making function of and is written as. If we move the variable inside the integral sign which was outside in equation (3), we obtain function of and is represented by in the following equation (4) . The imposition of initial and boundary conditions in equation (3) yields following iterative scheme [18-22, 26, 27] ,
h (x) is function of x, consist of the terms that arise out side the integral after using initial or boundary conditions in equation (3). Further we use h (x) as initial guess, i.e., h (x) = y 0 (x) .
Numerical applications
In this section, we apply the method of variation of parameters developed in Section 2 for solving the sixth-order boundary value problems. Numerical results are very encouraging.
Example 3.1. Consider the following nonlinear boundary value problem of sixth-order
The exact solution for this problem is
The method of variation of parameters gives the solution of nonlinear boundary value problem (5, 6) as
Imposing the boundary conditions will yield
Consequently, following approximants are obtained: Table 3 .1 exhibits the errors obtained by using the variational iteration method (VIM), the homotopy perturbation method (HPM), Adomian's decomposition method (ADM) and the variation of parameters method (VPM). The table clearly indicates the improvements made by employing the proposed VPM. It is obvious that evaluation of more components of y(x) will reasonably improve the accuracy of series solution.
Example 3.2. Consider the following nonlinear boundary value problem of sixth-order
The variation of parameters method gives the solution of nonlinear boundary value problem (7, 8) as Imposing the boundary conditions will yield Consequently, following approximants are obtained: Table 3 .2 exhibits the errors obtained by using the variational iteration method (VIM), the homotopy perturbation method (HPM), the Adomian's decomposition method (ADM) and the variation of parameters method (VPM). The table clearly indicates the improvements made by employing the proposed VPM. It is obvious that evaluation of more components of y(x) will reasonably improve the accuracy of series solution.
Example 3.3. Consider the following linear boundary value problem of sixthorder
The exact solution of the problem is
The variation of parameters method gives the solution of nonlinear boundary value problem (9, 10) as
Consequently, following approximants are obtained: Table 3 .3 exhibits the errors obtained by using the variational iteration method (VIM), the homotopy perturbation method (HPM), Adomian's decomposition method (ADM) and the variation of parameters method (VPM). The table clearly indicates the improvements made by employing the proposed VPM. It is obvious that evaluation of more components of y(x) will reasonably improve the accuracy of series solution.
Conclusion
In this paper, we have used the method of variation of parameters for finding the solution of boundary value problems for sixth-order. The method is applied in a direct way without using linearization, transformation, discretization, perturbation or restrictive assumptions. It may be concluded that the proposed technique is very powerful and efficient in finding the analytical solutions for a wide class of boundary value problems. The method gives more realistic solutions that converge very rapidly in physical problems. It is worth mentioning that the method is capable of reducing the volume of the computational work as compare to the classical methods while still maintaining the high accuracy of the numerical result, the size reduction amounts to the improvement of performance of approach. The fact that the developed algorithm solves nonlinear problems without using the Adomian's polynomials and the identification of Lagrange multipliers are the clear advantages of this technique over the variational iteration method and the decomposition method.
